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A society with the set of agents 7.

Two sides of the market: set of agents in B and set of agents in §
where the sets B, S form a partition of 7.

For simplicity, assume |B| = |[S| =n > 2.

For each i € B, P*(i) denotes a strict preference ordering over the
elements in set S. Similarly for each j € S, P*(j) denotes a strict
preference ordering over the elements in set B.

A preference profile is denoted by P* = (P*(i));c7.

Let P be the domain of preferences for agenti € 7 and

Pr = XiEIPi*°

A matching is a bijection y : BUS — B U S provided:

O Vie BUS, uou(i)=1i.
0 VieBandje S, u(i) €S, u(j) € B.

Denote A(B, S) as the set of all matchings.
The triple (B, S, P*) is called a Matching Problem without
Externalities.
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A matching u € A(B,S) is (pairwise) unstable at a preference
profile P* € P* if there exists a pair (i,j) (i € Band j € S) and a
matching 4’ € A(B, S) such that u/(i)P*(i)u(i) and

W' ()P (D1 ().

Such a pair (i, f) is called a blocking pair.

If a matching y has no blocking pairs at a preference profile

P* € P*, then it is (pairwise) stable at P*.

Denote S(B, S, P*) as the set of all stable matchings at P* € P.
A matching ' € A(B,S) blocks another matching 1 € A(B,S) at
P* € P* if there exists B C Band S C S with |B| = |S| # 0 such
that ' (BUS) =BUSand Vi € BUS, u/(i)P* (i) u(i).

A matching y is in the core at P* € P* if it is not blocked by any
other matching.

The set C(B, S, P*) at P* € P* denote the core of the matching
problem (53,S,P*).
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B LetB = {bl, by, b3} and § = {81,82,53}.
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Let B = {bl, b», b3} and § = {81,82,53}.

P*(by) P*(by) P*(bs) || P*(s1) P*(s2) P*(s3)
$2 s1 s1 by b3 by
51 53 5?2 b3 bl b3
53 S2 53 b2 b2 b2

Let P* = (P*(by), P*(ba), P*(b3), P*(s1), P* (s2), P*(s3)).
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Let B = {bl, b», b3} and § = {81,82,53}.

P*(by) P*(by) P*(bs) || P*(s1) P*(s2) P*(s3)
S»2 51 51 b1 b3 bl
s1 S3 $2 b3 b1 b3
53 S» S3 b2 bz b2

Let P* = (P*(by), P*(by), P*(b3), P*(s1), P*(s2), P*(s3)).
Consider the matching u = {(by,s1), (b2,52), (b3,53) }.
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Let B = {bl, b», b3} and § = {81,82,53}.

P*(by) P*(by) P*(bs) || P*(s1) P*(s2) P*(s3)
S 51 51 b1 b3 bl
$1 53 52 b3 by b3
53 S» S3 b2 bz b2

Let P* = (P*(by), P*(by), P*(b3), P*(s1), P*(s2), P*(s3)).
Consider the matching u = {(by,s1), (b2,52), (b3,53) }.

The matching u is not stable at P* as (by, s») is a blocking pair.

6/ 30



OUTLINE

ONE-TO-ONE

L]
TwO-SIDED MATCHING |

WITHOUT
EXTERNALITIES

BASIC FRAMEWORK
STABILITY AND CORE

EXAMPLE - STABILITY

DEFERRED
ACCEPTANCE (DA)
ALGORITHM

EXAMPLE - DEFERRED
ACCEPTANCE
ALGORITHM

PROPERTIES OF DAA:
SIDE OPTIMALITY

PROPERTIES OF DAA:

[ ]
STRATEGY-PROOFNESS >

MANY-TO-ONE

TWO-SIDED MATCHING  «

WITHOUT
EXTERNALITIES

ONE-TO-ONE

[ ]
TWO-SIDED MATCHING ¢

WITH EXTERNALITIES

THANK YOU

EXAMPLE - STABILITY
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P*(by) P*(by) P*(bs) || P*(s1) P*(s2) P*(s3)
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The matching p is not stable at P* as (by, s2) is a blocking pair.

Now consider the matching 7 = {(by,s1), (b2,53), (b3,52)}
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EXAMPLE - STABILITY

Let B = {bl, b», b3} and § = {81,82,53}.

P*(by) P*(by) P*(bs) || P*(s1) P*(s2) P*(s3)
S»2 51 51 b1 b3 bl
S1 S3 S2 b3 b1 b3
53 S2 53 b2 b2 bz

Let P* = (P*(by), P*(by), P*(b3), P*(s1), P*

(52), P*(s3))-
Consider the matching u=A{(by,s1), (b2, s2),
) i

(b3,53)}-

The matching p is not stable at P* as (by, s2) is a blocking pair.

Now consider the matching i = {(by1,s1), (b2,53), (b3,52) }
Notice that the matching fi is stable at P*.
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Two versions - either agents in B propose and agent in S accept or reject

their proposals or viceversa.
B proposing version of (DA) Algorithm:

[
]

[]

[]

First, every i € BB proposes to his top ranked member of S.

Then, every j € & who has at least one proposal is (tentatively)
matched to the top i € B who proposed to j and rejects the rest.
Then, every i who was rejected in the last round, proposes to the next
best j € S who have not rejected i in earlier rounds.

Then, every j € & who has at least one proposal is (tentatively)
matched to the top i € B who proposed to j including any proposers
tentatively matched to j from earlier rounds, (tentatively) keeps the
top i amongst these proposals and rejects the rest.

The process is then repeated till each j € S has a proposal, at which
point, the tentative proposal accepted by a j € S becomes permanent.

Each j € § is allowed to keep only one proposal in every round, hence
each j will not be matched to more than one i.

The algorithm will terminate at finite time since in every round the
subset of S to whom each i can propose does not increase and strictly
decreases for atleast one i € B.
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P*(by)

P*(by)

P*(b3)

Ps) P2 P(ss)

S2
51

53

51
S3
S2

51
S2
S3

b1 b3 b1
b3 b1 b3
b, b, b,

B letB = {bl, b», b3}, S = {51,52,83} and
P* = (P*(by), P*(by), P*(bs), P*(s1), P* (s3), P*(s3)).
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P*(by) P*(bp) P*(b3) || P*(s1) P*(s2) P*(s3)
$2 S1 s1 b1 b3 by
s1 $3 $2 b3 by b3
$3 $2 s3 by by by

Let B = {bl, b», b3}, S = {51,52,83} and
P* = (P*(by), P*(by), P*(b3), P*(s1), P*(s2), P*(s3)).
We illustrate the B-proposing version of the algorithm.
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P*(by) P*(bp) P*(b3) || P*(s1) P*(s2) P*(s3)
S2 S1 S1 by b3 by
s1 $3 $2 b3 by b3
$3 $2 s3 b> by by

Let B = {bl, b», b3}, S = {51,52,83} and
P* = (P*(by), P*(by), P*(bs), P*(s1), P* (s3), P*(s3)).

We illustrate the B-proposing version of the algorithm.

In the first round, every i € B will proposetoj € S. So, by — s,

by — S1 and b3 — S1.
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P*(by) P*(bp) P*(b3) || P*(s1) P*(s2) P*(s3)
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s1 $3 $2 b3 by b3
$3 $2 s3 b by by

Let B = {bl, b», b3}, S = {51,52,83} and

P* = (P*(b1), P*(b2), P*(b3), P*(s1), P*(s2), P*(s3)).

We illustrate the B-proposing version of the algorithm.

In the first round, every i € B will proposetoj € S. So, by — s,
by — S1 and b3 — S1.

Hence, s1 has two proposals: {b,, b3 }. Since b3P*(s1)by, s1 rejects
b, and keeps bs.
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P*(by) P*(bp) P*(b3) || P*(s1) P*(s2) P*(s3)
S2 S1 S1 b1 b3 by
$1 S3 $2 bs b1 b3
$3 $2 $3 by by b,

Let B = {bl, b», b3}, S = {51,52,83} and

P* = (P*(b1), P*(ba), P*(3), P*(s1), P*(s2), P*(s3))-

We illustrate the B-proposing version of the algorithm.

In the first round, every i € B will proposetoj € S. So, by — s,
by — S1 and b3 — S1.

Hence, s1 has two proposals: {b,, b3 }. Since b3P*(s1)by, s1 rejects
b, and keeps bs.

Now, b, is left to choose from s,, s3. Since s, P*(by)s3, by now
proposes to s3.
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P*(by) P*(bp) P*(b3) || P*(s1) P*(s2) P*(s3)
S2 S1 S1 b1 b3 by
$1 S3 $2 bs b1 b3
$3 $2 $3 by by b,

Let B = {bl, b», b3}, S = {51,52,83} and

P* = (P*(by), P*(b2), P*(b3), P*(s1), P*(s2), P"(s3))-

We illustrate the B-proposing version of the algorithm.

In the first round, every i € B will proposetoj € S. So, by — s,
by — S1 and b3 — S1.

Hence, s1 has two proposals: {b,, b3 }. Since b3P*(s1)by, s1 rejects
b, and keeps bs.

Now, b, is left to choose from s,, s3. Since s, P*(by)s3, by now
proposes to s3.

Now, every woman has exactly one proposal and the algorithm
stops with the matching u” given by

Plb = {(b1,82), (b2,83), (b3,51) }-
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Theorem 1. At every preference profile P* € P*, the DA algorithm
terminates at a stable matching for that profile.

B The B-proposing and S-proposing algorithms may terminate at
different stable matchings.

B Is one better than the other by some criterion?

B A matching u is B-optimal (or S-optimal) stable matching at
P* € P* if u is stable and for every other stable matching y’ we
have p (i) P* (i) u' (i) or u(i) = p' (i) (w()P* ()1’ (j) or u(j) = 1 (j))
forallie B(j € 9S).

Theorem 2. The BB proposing (S proposing) version of the DA algorithm
terminates at the unique 3-optimal (S-optimal) stable matching.
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A matching function is a mapping u : P* — A(B,S).

A matching function y is manipulable by player i € I at Px € P*
via pi if ‘M(pi, PiZ)PZ*‘M(PZ*, P*—i)-

A matching function is strategy-proof for everyi € B (j € S)if itis
not manipulable by any i € B (j € ).

Theorem 3. The B-proposing (S-proposing) version of the DA algorithm
is strategy-proof for every i € B (j € S).

A matching function is strategy-proof if it is not manipulable by
any 1 € L.

There doesn’t exist a matching that is both stable and
strategy-proof.

10 / 30



OUTLINE

ONE-TO-ONE
TWO-SIDED MATCHING
WITHOUT
EXTERNALITIES

MANY-TO-ONE
TWO-SIDED MATCHING
WITHOUT
EXTERNALITIES

INTRODUCTION

CHOICE SETS

STABLE MATCHING
WITH CONTRACTS

SUBSTITUTES AND
IRRELEVANCE OF
REJECTED CONTRACTS

GENERALIZED
DEFFERED
ACCEPTANCE
ALGORITHM (GDAA)

EXAMPLE -
GENERALIZED DA
ALGORITHM

PROPERTIES OF GDAA:

SIDE OPTIMALITY

LAW OF AGG.
DEMAND & RURAL
HOSPITAL'S THEOREM

ONE-TO-ONE
TwWO-SIDED MATCHING
WITH EXTERNALITIES

THANK YOU

MANY-TO-ONE TWO-SIDED
MATCHING WITHOUT
EXTERNALITIES

11 /30



INTRODUCTION

OUTLINE

ONE-TO-ONE

L]
TwO-SIDED MATCHING |

WITHOUT
EXTERNALITIES

MANY-TO-ONE

L]
TWO-SIDED MATCHING e

WITHOUT
EXTERNALITIES

INTRODUCTION

CHOICE SETS

STABLE MATCHING
WITH CONTRACTS

SUBSTITUTES AND
IRRELEVANCE OF

L]
REJECTED CONTRACTS o
L]

GENERALIZED
DEFFERED
ACCEPTANCE
ALGORITHM (GDAA)

EXAMPLE -
GENERALIZED DA
ALGORITHM

PROPERTIES OF GDAA: E

SIDE OPTIMALITY

LAW OF AGG.
DEMAND & RURAL
HOSPITAL'S THEOREM

ONE-TO-ONE

L ]
TwWO-SIDED MATCHING :

WITH EXTERNALITIES

THANK YOU

In this section, we will consider many-to-one matching.
We introduce the notion of bilateral contracts between agents in B
and S.
A bilateral contract x is an ordered pair (b(x),s(x)).
Let X be the set of all contracts.
Foreveryie B(j € S5), X; ={x € X|i =b(x)}
(Xj = 1x € X|j = s(x)}).
Denote X5 = | J X; (Xs = | Xj).
ieB jeES
Each i € B can sign only one contract whereas j € S can hire
more than one s.
Each i € B has a preference, denoted by P*(i), over the set
X; U {2} where X; = {x € X|i € {b(x),s(x)}}, Xs = | Xj and
jes
& is the null contract.
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Suppose the set of offered contracts is given by X’ C X.
The choice set of i € B, C;(X’), is given by
Ci(X) = { gif {x € X'|i =b(x),xP*(i) @} =
1 — | {maxp:{x € X'|i = b(x)} otherW1se
The choice set of j € S given by C;(X’) C {x € X’\] = s(x)}.
Let Cp(X') = | Gi(X) (Cs(X") = | Ci(X"))
ieB jeES

Then the set of contracts rejected by B (S) in X’ is given by
Rp(X') = X"\ Cp(X') (Rs(X') = X"\ Cs(X)).
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A set of contracts X’ C X is a stable allocation if:

] CB(X/) = CS(X/) = X'
0 there exists no j € S and set of contracts X" # C;(X') such
that X" = C;(X" U X") C Cp(X" U X").

Theorem 4. If (X, Xs) C X is a solution to the system of equations

Xgp=X— RS<XS) (1)
Xs = X — Rp(Xp)

then Xg M Xg is a stable set of contracts and

XpNXs =Cp(Xg) =Cs(Xs). Conversely, for any stable collection
of contracts X, there exists some pair (Xp, Xs) satisfying (1) such that
X'=XpNXs.
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Though silent in the statement of the theorem, Theorem 4 relies
on two conditions on the set of contracts - Substitutes condition
and Irrelevance of Rejected Contracts condition.
B Contracts in X are Substitutes for j € § if for all subsets
X' C X" € Xwehave Rj(X") C R;(X").
B In other words, the substitutes condition requires R; to be
monotone.
B Contracts in X satisfy the Irrelevance of Rejected Contracts (IRC) for
jeSUHVX CX,Vze X\ X,
z¢ Ci(X'Uz) = Ci(X') = Ca(X"Uz).

Theorem 5. Suppose contracts satisfy the substitutes condition and IRC
condition, then S(B,S, P*) # &.
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(€3DJ.V.Y)

The algorithm we present iteratedly solves the system of equations in (1).

We present the B-proposing algorithm.
Therefore start from by setting (Xz(0), Xs(0)) = (X, @) (i.e, players in B
propose X and players in S propose nothing).
At each stage, players in B and S holds all the acceptable offers that have
been made and rejects the rest.
We check whether (X5(0), Xs(0)) solves the following system of
equations:
Xp(0) = X — Rs(Xs(0)) )
Xs(0) = X — Rp(Xp(0))

If not, we move to the next stage by setting (Xz(1), Xs(1)) as follows:

XB(l) =X - RS(X«S(O)) (3)
Xs(1) = X —Rp(Xp(0))

We repeat this procedure, till a fixed point is reached.
If the fixed point is reached in stage ¢, then by Theorem 4 we have a
stable set of contracts given by Xz () N Xs(t).
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Pr(b) P*(ba)

P*(s1)  P*(s2)

51 51
S2 S2

{b1}  {b1, b2}

{b2} {b1}

% {b2}
o

B LetB = {bl,bz} and S = {81,82}.

17 / 30



EXAMPLE - GENERALIZED DA ALGORITHM

OUTLINE

ONE-TO-ONE

L]
TwO-SIDED MATCHING |

WITHOUT
EXTERNALITIES

MANY-TO-ONE

TWO-SIDED MATCHING E

WITHOUT
EXTERNALITIES

INTRODUCTION

CHOICE SETS

STABLE MATCHING
WITH CONTRACTS

SUBSTITUTES AND
IRRELEVANCE OF

L]
REJECTED CONTRACTS o
L]

GENERALIZED
DEFFERED
ACCEPTANCE
ALGORITHM (GDAA)

EXAMPLE -
GENERALIZED DA
ALGORITHM

PROPERTIES OF GDAA: E

SIDE OPTIMALITY

LAW OF AGG.
DEMAND & RURAL

L]
HOSPITAL’S THEOREM ¢

ONE-TO-ONE

L ]
TwWO-SIDED MATCHING :

WITH EXTERNALITIES

THANK YOU

Do) P (b)) [ PGy P(s2)
51 51 {bl} {bl, bz}
52 52 {b2} {01}

@ {b2}

%)

B LetB = {bl,bz} and S = {81,82}.

B LetP*

(P*(b1), P*(b2), P*(s1), P*(s2)).
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f X5(t) R5(X5(t)) Xs (1) Rs(Xs(t))
0 X {(b1,52), (bz,Sz)} (%] (%]
1 X {(b1,52), (b2,52) } {(b1,51), (b2,51)} {(b2,51)}
2 A{(b1,s1),(b1,52), (b2,52) } {(b1,52) } {(b1,51), (b2,51), (b2, 82)}  {(b2,51)}
3 A1) (b,82), (b2,82)} {(b1,52)} {(b1,81), (b2,81), (b2,52)}  {(b2,51)}

B LetB = {bl,bz} and S = {81,82}.

B Let P* = (P*(by),P*(by),P*(s1),P*(s2)).

B The algorithm is initialized with X3(0) = X and X5(0) = @.

B Fort =1, westart with Xz(1) = X (complement of Rg(Xs(0))) and

Xs(1) = {(b1,51), (ba,s1)} (complement of Rg(Xz(0))). Thus
R (Xg(1)) = {(b1,52), (b, 52)} and R (Xs(1)) = { (bs,51)}-
For t = 2, we compute

Xp(2) = X = Rs(Xs(1)) = {(b1,51), (b1,52), (b2, 52) } and

Xs(2) = X = Rp(Xp(1)) = {(b1,51), (b2, 1), (b2,52) }. Thus
Rp(Xp(2)) = {(b1,52)} and Rs(Xs(2)) = {(b2,51)}.

Repeating this procedure, we observe that Xz(3) = Xp(2) and the
process has reached a fixed point.

Thus the algorithm terminates at round 3 and we obtain a stable set of
contracts given by Xz(3) N Xs(3).
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Denote the fixed points obtained from B-proposing algorithm
(S-proposing algorithm) as (Xp, Xs5)((Xg, Xs)).

The following theorem says that the side-optimality property that
we observed in the case of one-to-one matching holds in the case
of many-to-one matching as well.

Theorem 6. Suppose contracts are substitutes for j € S. Then the
stable set of contracts Xg N Xg (X N X) is the unanimously most
preferred stable set for every i € B (j € S) and the least preferred stable
set forevery j € S (i € B).
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B The preferences of j € S satisfy the law of aggregate demand (LAD)
if for all X" C X", |C;(X")| < |C;(X")].

Theorem 7. If the preferences of j € S satisfy the substitutes condition
then they satisfy the law of aggregate demand.

B The following rural hospital’s (RH) theorem also holds.

Theorem 8. If the preferences of | € S satisfy the substitutes condition and
the law of aggregate demand then for every stable allocation (Xp, Xs) and
everyi € Bandj € S, |Cg(Xg)| = |Cs(Xp)| and

ICs(Xs)| = |Cs(Xs)|. Here (X, Xs) refers to the fixed point obtained
from the B-proposing algorithm.

B If the preferences of j € S doesn’t satisfy the law of aggregate
demand then the above theorem doesn’t hold.
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We incorporate externalities into this matching framework.
Each agent i € 7 has a strict preference ordering P(i) over the set
A(B,S).

The set of matchings involving i € Band j € S is given by
Ai,j) = {1 € A(B,S)|(i,j) € 1.

Let P; denote the domain of preferences for player i and

P = Xic1Pi.

The triplet (B, S, P) is called Matching Problem with
Externalities.

Stability of matchings in this setting crucially depends on how
agents perceive others to react to their deviation.

This idea is captured by the notion of estimation function of
agents.

Formally, an estimation function of agent i € 5 is defined as a
function ¢; : § — 2A(L]),

The set of estimations is given by ¢ = {¢;|i € Z}.
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Given ¢, a matching u is ¢-admissible if for any pair (i,]) € y,

e ¢i(j) Ne;j(i).

Given ¢, a matching p is blocked by a pair (i,j) ¢ patP € P if
for all " € @;(j) and for all u" € ¢;(i), p'P(i)u and p" P(j)p.

A matching u is @-stable at P € P if it is p-admissible and has no
blocking pair at P.

The set Sy(B, S, P) at P € P denotes the set of all ¢-stable
matchings.
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B In general, we cannot guarantee the existence of ¢-stable
matchings.

Theorem 9. For any n > 3, if either ¢;(j) # A(i,j) or ¢;(i) # A(i,]) for
some i € B and for some j € S, then there exists a preference profile P € P
such that S, (B,S,P)) = @.

B The set of estimations ¢ is universal if Vi € B, ¢;(j) = A(i, j) and
vj € S, g,(i) = Ali.))

Theorem 10. If the estimations ¢ is universal then for every P € P,
Se(B,S,P) # @.
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¢-STABILITY § Us ::-{(b1,83),(bz,Sz),(b3,81)},}H3:: {(b1,53),(b2/51)r(b3/52)}~
viorone ¢ B Let P = (P(by), P(b2), P(b3), P(s1), P(s2), P(s3))-

(NMCVP)

PARETO OPTIMALITY g Suppose (Pbl (52) — {;’l3}
VS g-STABILITY :  m Observe that y, 3, 5 and ¢ are blocked by (b3, s3).

EXAMPLE - PARETO
OPTIMALITY

CORE AND
@-STABILITY

EXAMPLE -
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CORE
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P(by) P(by) P(bs) || P(s1) P(s2) P(s3)
He M2 M1 M2 M3 Ha
H3 U5 Ha M1 Ha M1
M2 He M2 Ha M2 He
M1 2! He He Hs M2
Us M1 M3 U5 He M5
Ha H3 H5 H3 H1 M3

Let B = {bl,bz, b3} and S = {51,52,53}.

A(B,S) = {p1, p2, 13, Ha, 1i5, e } where

w1 = {(b1,51), (b2, 52), (b3,83) }, po = {(b1,51), (b2,53), (b3,52) },
uz = {(b1,52), (b2, 83), (b3, $1) }, pla = {(b1,52), (b2,51), (b3,53) },
s = {(b1,53), (b2,52), (b3, 1)}, pe = {(b1,83), (b2, 51), (b3, 52) }-
Let P = (P(by), P(by), P(bs), P(sy), P(sq), P(s3)).

Suppose ¢y, (s2) = {43}

Observe that uy, 13, #s and ug are blocked by (b3, s3).

Next pq is blocked by (by, s2).
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P(by) P(by) P(bs) || P(s1) P(s2) P(s3)
He M2 M1 M2 M3 Ha
M3 M5 Ha M1 Ha M1
M2 He M2 Ha M2 He
M1 2! He He Hs M2
Us M1 M3 U5 He M5
Ha H3 H5 H3 H1 M3

Let B = {bl,bz, b3} and S = {51,52,53}.

A(B,S) = {p1, 42, 13, ha, 45, pe } Where

w1 = {(b1,51), (b2, 52), (b3,83) }, po = {(b1,51), (b2,53), (b3,52) },
uz = {(b1,52), (b2, 83), (b3, $1) }, pla = {(b1,52), (b2,51), (b3,53) },
s = {(b1,53), (b2,52), (b3, 1)}, pe = {(b1,83), (b2, 51), (b3, 52) }-
Let P = (P(by), P(by), P(bs), P(sy), P(sq), P(s3)).

Suppose ¢, (s2) = {3}

Observe that uy, 13, #s and ug are blocked by (b3, s3).

Next pq is blocked by (by, s2).

Lastly, y4 is blocked by (by,s1).
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P(by) P(by) P(bs) || P(s1) P(s2) P(s3)
He M2 M1 M2 M3 Ha
M3 M5 Ha M1 Ha M1
M2 He M2 Ha M2 He
M1 2! He He Hs M2
Us M1 M3 U5 He M5
Ha H3 H5 H3 H1 M3

Let B = {bl,bz, b3} and S = {51,52,53}.

A(B,S) = {p1, 42, 13, ha, 45, pe } Where

w1 = {(b1,51), (b2, 52), (b3,83) }, po = {(b1,51), (b2,53), (b3,52) },
uz = {(b1,52), (b2, 83), (b3, $1) }, pla = {(b1,52), (b2,51), (b3,53) },
s = {(b1,53), (b2,52), (b3, 1)}, pe = {(b1,83), (b2, 51), (b3, 52) }-
Let P = (P(by), P(by), P(b3), P(s1), P(s2), P(s3)).

Suppose ¢, (s2) = {3}

Observe that uy, 13, #s and ug are blocked by (b3, s3).

Next pq is blocked by (by, s2).

Lastly, y4 is blocked by (by,s1).

Hence at P, S(B,S,P) = @.
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Note that in Theorem 9 the estimation functions are assumed to
be exogenously given - they don’t depend on preferences.

We propose a minimal condition on the estimation function
which we call No Matched Couple Veto Matching (NMCVP).

An estimation function ¢ satisfies No Matched Couple Veto
Matching (NMCVP) if the following conditions are satisfied: Let
(i,7),(i',j") € u for some u € A(B,S).

Ifforallk € Z\ {i,i’,j, i/} and all u* € A(i,j) \ Ak, u(k)),
uP(k)u* then p € :(j) N @;(i).

The estimation function in Theorem 9 doesn’t satisty NMCVP
(see the example in the previous slide).

However, NMCVP is not a sufficient condition for the existence
of stable matchings.
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A matching u € A(B,S) is Pareto optimal at P € P if there is no

u' € A(B,S) such that ¢/P(i)u foralli € BUS.

B Theset PO(B, S, P) denotes the set of all Pareto optimal
matchings at P € P.

B A stable matching is not always Pareto optimal.

Theorem 11. Consider a matching problem (B, S, P)) with universal
estimations @. For any yu € Sy (B, S, P), if u is Pareto dominated by
another matching y' at P € P then y' € S,(B, S, P).

B Thus, starting from any stable matching we can reach a stable
and Pareto optimal matching within finite steps.

Theorem 12. For any matching problem (B, S, P) with universal
estimations, then at any P € P, S,(B,S,P) N PO(B,S,P) # @.
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Let B = {bl, by, b3} and S = {51,52, 83}

<Br 8) — {,”1/ Ha, U3, K4, U5, ,”6} where

1 = 1(b1,51), (b2,52), (b3, 53) }, pa = {(b1,51), (b2, 83), (b3,52) },
3 = 1(b1,52), (b2, 51), (b3, 53) }, pa = {(b1,52), (b2, 53), (b3,51) },
is = 1(b1,53), (b2, 51), (b3,52) }, pe = {(b1,83), (b2, 52), (b3,51) }
Suppose all agents have the same preference:
po P3Py Puy PrsPpe.
Then S(B, S, P) = {u1, p2, u3} but only uy is Pareto optimal at P
and others are not.
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As in the case of matching without externalities, core and
p-stability are not equivalent in the presence of externalities.
A coalition is a pair (B, S) of non-empty subsets of Band S
respectively such that |B| = |S|.

A matching y is blocked by a coalition (B, S) at P € P if there
exists ' € A(B,S) such that for any " € A(B¢, 5°) with
wWuu” £ u, ' Un'P>i)uVie BUS.

The core, C(B, S, P), is the set of all matchings that are not
blocked at P € P by any coalition.

Clearly atany P € P, C(B,S,P) C S,(B, S, P).

In general, we cannot guarantee the non-emptiness of C(B, S, P).
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P(by) P(bp) P(bs) || P(s1) P(s2) P(ss)
He M2 He M1 M5 M5
Ha M5 Ha Ha He He
M2 He M2 M2 Ha 22
M1 Ha M1 U5 H2 M2
M5 M1 M5 He H1 M1
M3 M3 M3 M3 U3 U3

Let B = {bl,bz, b3} and S = {51,52,53}.

A(B,S) = {p1, 42, 13, ha, 45, pe } Where

w1 = {(b1,51), (b2, 52), (b3,83) }, po = {(b1,51), (b2,53), (b3,52) },
uz = {(b1,52), (b2, 51), (b3,83) }, pla = {(b1,52), (b2,53), (b3,51) },
ps = {(b1,53), (b2,51), (b3, 82) }, pe = {(b1,83), (b2, 52), (b3, 51) }-
Let P = (P(by),P(by), P(b3),P(s1),P(s2),P(s3)).

Observe that at P, u3 is blocked by the grand coalition, y is
blocked by {by, b3, 52,53}, 12 is blocked by {b1, b3, 51,52}, pg is
blocked by {b1, by, 2,53}, 5 is blocked by {b1, by, 51,53} and ug is
blocked by {by, b3, 51,52}

Hence at P, C(B,S,P) = 2.
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